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Abstract
Combining general relativity and gravitational gauge theory, the cosmolog-
ical constant is determined theoretically. The cosmological constant is related
to the average vacuum energy of gravitational gauge field. Because the vac-
uum energy of gravitational gauge field is negative, the cosmological constant
is positive, which generates repulsive force on stars to make the expansion rate
of the Universe accelerated. A rough estimation of it gives out its magnitude
of the order of 10−52m−2, which is well constant with experimental results.
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1 Introduction
Cosmological constant is first introduced into physics by A.Einstein in 1917[1]. In
that paper, he pointed that a small and positive cosmological constant is needed.
At present, it is known that the cosmological constant has evoked much controversy
in both cosmology and particle physics[2, 3]. Recent observations of high-redshift
supernovae seem to suggest that the global geometry of the Universe may be affected
by a small positive cosmological constant, which acts to accelerate the expansion
rate with time[4, 5, 6, 7, 8].
Some theoretical models are proposed to explain the cosmological constant problems[9,
10]. In this paper, we will use another more fundamental way to determine the cos-
mological constant. Our analysis based on a new quantum theory of gravity —
QUANTUM GAUGE THEORY OF GRAVITY[11, 12], which is formulated com-
pletely in the framework of quantum field theory and is based on action principle
and gauge principle. Combining general relativity and quantum gauge theory of
gravity, we can determine the cosmological constant in a simple way, which is well
constant with experimental results. Finally, we will give a possible explanation on
the possible origin of the cosmological constant.
2 Determination of the Cosmological Constant
First, let’s discuss the Einstein’s field equation from action principle. The action of
the system is selected as[13]
A = AE + AM , (2.1)
AE =
−1
16piG
∫
d4x
√−g(R− 2Λ), (2.2)
AM =
∫
d4xLM , (2.3)
where G is the Newtonian gravitational constant, R is the scalar curvature, Λ is the
cosmological constant, LM is the lagrangian density for matter fields, and
g = det(gµν), (2.4)
with gµν is the space-time metric in general relativity. Using the following relations[13]
δ
√−g = 1
2
√−ggµνδgµν , (2.5)
√−ggµνδRµν = ∂λW λ, (2.6)
T µνm =
2√−g
δAM
δgµν(x)
, (2.7)
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where T µν is the energy-momentum tensor of matter fields andW λ is a n contravari-
ant vector, we can obtain the Einstein’s field equation with cosmological constant
Λ,
Rµν − 1
2
gµνR + Λgµν = −8piGTµν , (2.8)
where Tµν is the revised energy-momentum tensor, whose definition is
Tµν
△
= Tmµν −
1
4piG
δΛ
δgµν
(2.9)
Equation (2.1) is one of the starting point of our following discussions. An-
other starting point of our following discussions is from quantum gauge theory of
gravity[11, 12]. In literature [11, 12], four different kinds of action for gravitational
field are given. The best form for our present discussions is
A =
∫
d4x
√−gL0 + AM , (2.10)
where L0 is the lagrangian density for pure gravitational gauge field whose form
is[11, 12]
L0 = −
1
4
ηµρηνσgαβF
α
µνF
β
ρσ, (2.11)
F αµν if the field strength of gravitational gauge field C
α
µ , which is given by
F αµν = ∂µC
α
ν − ∂νCαµ − gCβµ∂βCαν + gCβν ∂βCαµ . (2.12)
Suppose that two actions eq.(2.1) and eq.(2.10) are essential the same, then we
will get
L0 =
−1
16piG
(R− 2Λ). (2.13)
It means the difference of two lagrangians of general relativity and quantum gauge
theory of gravity gives out the cosmological constant
Λ =
1
2
(R + 4g2L0). (2.14)
In eq.(2.14), both scalar curvature R and lagrangian density L0 for pure gravita-
tional gauge field are known, so, we can use eq.(2.14) to determine the cosmological
constant Λ.
According to literature [11, 12], both scalar curvature R and lagrangian density
L0 can be expressed by gravitational gauge field Cαµ . So, the explicit expression of
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Λ(x) is
Λ(x) = 2gµκ(∂µG ·G−1 · ∂κG ·G−1)αα − gµκ(∂µ∂κG ·G−1)αα
+3
4
ηρσgαβg
µκ(∂µG)
α
ρ (∂κG)
β
σ − ηαβGκβ(∂κG ·G−1 · ∂λG)λα
−ηαβGκβ(∂λG ·G−1 · ∂κG)λα + ηαβGκβ(∂κ∂λG)λα
−5
4
gαβη
ρσηµνGκνG
λ
ρ(∂λG)
α
µ(∂κG)
β
σ
+1
2
gαβη
α1β1ηµ1ν1Gνβ1G
µ
µ1
(∂νG)
α
α1
(∂µG)
β
ν1
−g gαβF ρα1β1G−1α1ρ (G−1 · ∂βG ·G−1)β1α
+1
2
gηαµF κµβ(∂κG ·G−1)βα + 12gηαµF ραβGκµ(G−1 · ∂κG ·G−1)βρ
+1
2
g2ηββ1F
ρ
αβF
ρ1
α1β1
G−1αρ G
−1α1
ρ1
− g2
4
ηαβF
ρ
µβF
ρ1
α1α
G−1α1ρ G
−1µ
ρ1
−3g2
4
gαβη
α1β1ηµσF
ρ
µβ1
F βσα1
(2.15)
From this equation, we can see that cosmological constant is space-time dependent,
so we denoted it as Λ(x). The cosmological constant which affects large scale struc-
ture evolution of cosmos is the average of Λ(x) over the whole Universe.
3 Estimation of the Cosmological Constant
Now, let’s make a rough estimation of the cosmological constant. Suppose that,
the moving speed of stars is slow, so in the vacuum, the dominant component of
gravitational field Cαµ is C
0
0
and dominant field strength of gravitational gauge field
is
→
E
0
. Other components are much smaller than C0
0
and
→
E
0
, and they will be
neglected in our estimation. In order to estimate the magnitude of Λ, we use our
solar system as an example. Denote solar equatorial radius as r0 and the distance
between solar and nearest star as R0. The gravitational field C
0
0
which is generated
by solar is[11, 12]
gC0
0
= −GM
rc2
, (3.1)
where r is the distance between a point in space and the sun. The only non-vanishing
field strength
→
E
0
is
g
→
E
0
= −GM
r2c2
→
r . (3.2)
In our estimation, the sun is regarded as quasi-static, so all time derivatives vanish.
Using the equation of motion of pure gravitational gauge field in vacuum, the linear
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terms in eq.(2.15) vanish[11, 12], so we only need to concern quadratic terms. Using
all these relations, eq.(2.15) gives out the following relation
Λ(r) = 2
(
GM
r2c2
)2
+ o(gCαµ )
3, (r > r0) (3.3)
Λ(r) = 2
(
GM
r30c
2
)2
· r2 + o(gCαµ )3, (r < r0). (3.4)
The average of Λ(x) gives out cosmological constant,
Λ =
∫ R0
0
Λ(r)4pir2dr∫R0
0
4pir2dr
≃ 36 G
2M2
5 R30r0c
4
. (3.5)
The distance between the sun and the nearest star is about 4.5 light year, so
R0 ∼ 4.26× 1016m. (3.6)
The mass of the sun is
M = 1.99× 1030kg, (3.7)
and the radius of the sun is
r0 = 6.96× 108m. (3.8)
Using all these relation, we get
Λ ∼ 2.92× 10−52m−2. (3.9)
This value is quite close to experimental results. According to PDG, the cosmological
constant is[14]
Λ = 3.51× 10−52ΩΛh20m−2, (3.10)
with ΩΛ is the scaled cosmological constant and h0 is the normalized Hubble expan-
sion rate, whose values are
− 1 < ΩΛ < 2, (3.11)
0.6 < h0 < 0.8. (3.12)
So, a quite rough estimation of cosmological constant is quite close to experimental
value.
4 Comments
Because −
(
GM
r2c2
)2
relates to the energy of gravitational field in vacuum, both space-
time curvature and cosmological constant directly relate to the average energy of
gravitational field in vacuum. In this paper, a very rough estimation is given. A
5
more strict estimation of cosmological constant should average Λ(x) over the vac-
uum space of the whole Universe.
Because the energy of gravitational field in vacuum is negative, it generates a
repulsive force on stars and makes the expansion rate of the Universe accelerated.
This is the reason why cosmological constant is positive.
[Acknowledgment ] One of the author (N.Wu) would like to thank Prof. Zhe
Chang and Prof. Chaoguang Huang for helpful discussion on cosmological constant.
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